Abstract In this paper, we propose a general target model for multiple-input multiple-output (MIMO) radar. Two types of targets are presented. For each type of target, we develop a corresponding optimum waveform designing method to optimize detection performance. Based on Chernoff-Stein lemma, we use relative entropy as the performance measure. We show that the optimum waveform designing method can obtain better detection performance than traditional orthogonal waveform designing method.
Introduction
Multiple-input multiple-output (MIMO) radar is a new technology emerging in recent years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . A significant difference between MIMO radar and standard phased-array radar is that phased-array radar transmitters transmit coherent waveforms, i.e., one waveform is a scaled version of another waveform, while the waveforms of MIMO radar can be diverse.
In [1] , MIMO radar is classified into two types according to the configurations of transmitters and receivers, i.e. colocated MIMO radar and distributed MIMO radar.
In a colocated MIMO radar system, transmitters, as well as receivers, are all closely located (i.e., in the order of wavelength) and coherent signal processing technologies are used in this system. It has been shown that by using multiple orthogonal waveforms, colocated MIMO radar is equivalent to a virtual array which has more degrees of freedom than its phased-array radar counterpart. Thus colocated MIMO radar has better resolution ability, interference mitigation performance and parameters identifiability performance than phased-array radar [1, 7, [10] [11] [12] .
In a distributed MIMO radar system, which is also called statistical MIMO radar by Fishler [7] , transmitters and receivers are separated widely. As a target can be observed at different aspect angles by different transmitter and receiver pairs, non-coherent signal processing technologies are used and spatial diversity can be used to improve the detection performance for fluctuating targets. It has been shown that in high SNR region, MIMO radar obtains better detection performance than phased-array radar [8, 9] .
For most colocated and distributed MIMO radar systems discussed in published literatures, orthogonal waveforms are usually considered as a natural choice for MIMO radar system. In [15, 16] , research work has been conducted to find orthogonal waveforms with good auto-and cross-correlation properties.
But actually there are still some questions need to be answered, such as what waveforms are optimal choices for colocated MIMO radar, distributed MIMO radar and hybrid MIMO radar respectively? Are the optimal waveform solutions for these MIMO radar systems same or not?
In our opinion, to answer these questions, firstly, we need to clearly define the MIMO radar's function, i.e., it is used for detection, parameter estimation or other functions. Different functions usually require different performance measures, which will lead to different solutions. In [17, 18] , the waveform designing problem for parameter estimation, target identification and classification are discussed. Several criteria based on the Cramér-Rao bound (CRB) matrix are used in [17] while mutual information and minimum mean square error (MMSE) are used in [19] .
Secondly, we need to study the target model, which can be used as the background for the optimization of waveforms. Compared to classical Swerling radar target model, which is focused on the temporal statistical property of target, the MIMO radar target model should be characterized by its spatial statistical property. Although compared to the real physical mechanisms generating the fluctuation of target radar echoes, most radar target models seem to be too simple, we agree with what the authors said in [20] , ". . . we need such models, even if they are quite inaccurate. Without models, systems are designed using experience and experimentation, and creativity becomes somewhat stifled. Even with highly over-simplified models, we can compare different system approaches and get a sense of what types of approaches are worth pursuing. . . "
Finally, based on certain performance measure and target model, we can begin the optimization process for waveforms.
In this paper, we will focus on the target detection function of MIMO radar and study the following two key issues for MIMO radar:
(1) Target models. In most published literatures, distributed MIMO radar systems considered a target scattering matrix whose entries are all independent and identically distributed (i.i.d.) zero mean complex Gaussian random variables [7, 13] . Most colocated MIMO radar systems considered a scattering matrix whose entries are determined by the transmitting steering vector and the receiving steering vector [6, 10, 11] . In this paper, we will propose a more general target model which is applicable to both distributed MIMO radar and colocated MIMO radar.
(2) Transmitting baseband waveforms. Traditionally, it is believed that to use orthogonal waveforms is a natural choice for MIMO radar. Based on our proposed general target model, we find that transmitting waveforms of MIMO radar should be matched to the type of target. We find that using orthogonal waveforms is only the optimal solution for a specific distributed MIMO radar system whose target scattering matrix is composed of all i.i.d. zero mean complex Gaussian random variables. We will give the optimal waveform designing methods for more general types of target in this paper.
In Section 2, we introduce the baseband signal model for MIMO radar. In Section 3, we introduce Chernoff-Stein lemma and give the method for computing relative entropy for MIMO radar. Two types of MIMO radar target models are also proposed in this section. In Section 4, we develop designing methods of optimal waveforms for two target types respectively. Some simulation results are given in Section 5. In Section 6, we give conclusions. 
Signal model
Consider a MIMO radar system with M transmitters and N receivers. We assume M baseband complex narrowband waveforms are transmitted and T is the length of waveforms. For simplicity, we assume T N and T M in this paper.
The received signal can be written as X = E/M SH +N , where X ∈ C T ×N is the received baseband signal matrix. S ∈ C T ×M is the baseband waveform matrix, whose ith column is the ith transmitting waveform. H ∈ C M×N is the target scattering matrix, whose (i, j)th element is the complex scattering coefficient of target between the ith transmitter and the jth receiver. N ∈ C T ×N is noise matrix, whose elements are all i.i.d. zero mean complex Gaussian random variables with variance equal to σ 2 . E is the total transmitting power and we assume this power is uniformly distributed to M transmitters. We define signal noise ratio (SNR) as We can also write
, where x i is the ith column of X, i = 1, . . . , N, which is the received baseband signal on the ith receiver. Then we have x i = E/MS(h s,i + h w,i ) + n i , where n i is the ith column vector of N . We define m xi = E/M Sh s,i and
where
Because the columns of X are all independent, we have
Relative entropy and target models
When the false-alarm probability P FA is fixed and we wish to minimize the error probability of target missing P M , i.e., to maximize the probability of detection P D = 1 − P M , a bound for the error exponent is given by Chernoff-Stein lemma [21] , which is stated as follows. Let A n be the acceptance region for hypothesis H 0 , and A c n be the acceptance region for hypothesis H 1 . Let the probabilities of two types of error be β n = P r(Decision is H 0 |H 1 is true) and α n = P r(Decision is H 1 |H 0 is true). For 0 < < 1/2, we define
Then we have lim
For radar system, usually we will solve a binary hypothesis testing problem in Neyman-Pearson (NP) sense, i.e., to minimize target missing error probability with a fixed false-alarm probability. From Chernoff-Stein lemma, we know that the target missing error probability P M can be written as
i.e., B is the decreasing exponent of A with n. Therefore, we should try to maximize the relative entropy D(p 0 p 1 ). For MIMO radar, this objective can be obtained by designing waveforms of M transmitters for different types of targets, as we will see in later sections. Based on Chernoff-Stein lemma, we will show the detection performance of MIMO radar for different types of target in a simple way, which can give us some insights on the characteristics of MIMO radar. We focus on the detection probability P D , which can be written as
Here our first task is to find a method to calculate the relative entropy of two distributions corresponding to two hypotheses of MIMO radar. For MIMO radar, we denote the target existing hypothesis as H 1 and the alternative hypothesis as H 0 .
Let
It is obvious that R is a positive semidefinite Hermitian matrix and it can be eigendecomposed as R = U ΣU H , where U is a unitary matrix which is composed of eigenvectors of R, and Σ is a diagonal matrix which is composed of eigenvalues of R, i.e.,
Here we assume the eigenvalues are ordered as
.e., we use U to preprocess the received data matrix X. Because U is a unitary matrix, we have
For hypothesis H 1 , we define
where cov[·] denotes operation to find the covariance matrix. Similarly, for hypothesis H 0 , we define We can calculate the relative entropy of these two distributions as
where ρ is SNR, which is defined in (1). For simplicity, we write
Our next task is to find the optimal M waveforms which can maximize D(p 0 p 1 ). Assume the total power of M waveforms is constrained to be a constant P , i.e., Tr(S H S) = P . Note that P is the total waveform power. It is different from the total transmitting power E given in (1), which is assumed to be uniformly distributed to M transmitters.
Then our optimization problem can be formulated as
It is observed that the solution of this optimization problem is closely related to λ i and H s , which are characteristics of targets. In this paper, we will discuss the following two types of targets for MIMO radar: (1) Type 1:H s = 0, H w = 0. (2) Type 2:H s = 0, H w = 0. Note here H w = 0 means that the zero mean random component of target scattering matrix H exists. Because in this paper, we are discussing the optimum solution to waveform designing problem, we will assume that whenH s = 0,H s is known, and when H w = 0, R w is known.
For Type 1 target, we find that if R w = αI N , where α is a constant, this target model will degenerate to the traditional distributed MIMO radar model used by Fishler [7] , which means all elements of scattering matrix are i.i.d. zero mean complex Gaussian variables. If we want to consider more general cases, such as including the spatial correlations of target scatters or including different scattering power of scatters, then R w will take a more general form.
For Type 2 target, we find that it means that all elements of H are deterministic. We think this target model can be used to model the target of colocated MIMO radar [1, 6] . Suppose the transmitting steering vector of MIMO radar is v t , which is a M × 1 vector, and the receiving steering vector is v r , which is a N × 1 vector, thenH s can be written asH s = γv t v H r , where γ is a scalar. Of course we can further discuss different cases for γ is deterministic or random. But we think this discussion has been well conducted in the study of classical Swerling target model, which focuses on the temporal statistical property of target. As in this paper, our focus is on the spatial statistical property of MIMO radar target, we only consider the case that γ is a deterministic scalar for simplicity.
Optimum waveform designing for two types of target
Type 1 (H s = 0, H w = 0). WhenH s = 0, optimization problem (14) becomes
where λ i , i = 1, . . . , L are given in (11) , which are eigenvalues of R = SR w S H . In this case, we have known R w . Assume R w can be eigendecomposed as
where Λ w = diag (λ w,1 , λ w,2 , . . . , λ w,M ). ( λ s,1 , λ s,2 , . . . , λ s,M ) , (17) and other elements of Σ s are all equal to zero.
Here we need to choose U s , Σ s and V s for solving the maximization problem given in (15). Theorem 1. Consider the following constrained optimization problem:
where S ∈ C T ×M and T M . R w ∈ C M×M is positive-semidefinite Hermitian matrix, I T is T × T Identity matrix, ρ and P are positive real number. If R w can be eigendecomposed as R w = U w Λ w U H w , then the solution of (18) can be written as S opt = U s Σ s U H w , where U s is an arbitrary T × T unitary matrix, Σ s is a T × M matrix with all entries equal to 0 except the right most main diagonal.
The proof of Theorem 1 is presented in Appendix.
It is easy to verify that (18) is equivalent to (15) . From Theorem 1, we find that we should choose V s = U w . Therefore, S can be constructed as S = U s Σ s U H w , and we have
and
Note that because we assume T M , we have omitted the last T − M eigenvalues which are equal to zeros.
Then the optimization problem is max λs,i
where P is the constraint total power of waveforms. We use Lagrange method to solve this problem. Let
Therefore, we can get the equation
where μ > 0. The solutions of this equation are
Here we have λ s,i,1 > λ s,i,2 . The optimization function D 1 is a monotonic increasing function of λ s,i , because its first order derivative satisfies
In addition, as λ s,i should be no less than 0, we choose the optimum result as
Having got optimal eigenvalues, we can construct T × M matrix Σ s whose elements are all zeros, except the submatrix composed of the first M rows, which can be written as
In this case, we can construct the optimal transmitting waveform matrix for Type 1 target as
where U s is an arbitrary T × T unitary matrix and U w is given in (16) . It is easy to verify that if R w = αI M , i.e., λ w,1 = · · · = λ w,M = α, then we will have λ s,1,opt = · · · = λ s,M,opt = P/M, and S H S = P/M I M , which means the M waveforms are orthogonal to each other. This result tells us that orthogonal waveforms is the optimal choice for a specific Type 1 target with R w = αI M . Therefore, if we adopt the target model used by Fishler [7] for MIMO radar, where all entries of target scattering matrix are assumed to be i.i.d. distributed as ∼ CN (0, α), transmitting orthogonal waveforms is the best choice. Type 2 (H s = 0, H w = 0). In this case, we have R w = 0. From (10), we also have R = 0. Therefore,
AssumeH sH H s can be eigendecomposed as 
Detection performance study based on relative entropy
In this section, we will study the detection performance of MIMO radar based on relative entropy.
Consider a MIMO radar with M transmitters and N receivers. The length of waveform is T = 11. The total power of S is constrained to be Tr(S H S) = 1, i.e., total waveforms power P = 1.
In Figure 1 , we give the result of a specific Type 1 target case that λ w,1 = λ w,1 = 0.5, M = N = 2. We find that in this case the orthogonal waveforms are equivalent to the optimum waveforms.
In the sequel, we will show the results of two MIMO radar systems. For every type of targets, we also give the results of orthogonal waveforms to provide a comparison of performance.
For the first MIMO radar system, we let M = N = 2 and (1) Target type 1, λ w,1 = 0.8, λ w,2 = 0.2; (2) Target type 2,λ 1 = 0.8,λ 2 = 0.2. Results are shown in Figures 2 and 3 . It is clear that by using optimum waveform designing method, we can obtain better detection performance than by using orthogonal waveforms. In Figure 4 , we show the distribution result of waveform energy for the first MIMO radar system. For simplicity, we only consider Type 1 target. In this case, we have λ w,1 = 0.8, λ w,2 = 0.2. We found that when SNR is below 14 dB, the optimal distribution of waveform energy is λ s,1 = 1, λ s,2 = 1 − λ s,1 = 0. This result means that the energy of waveforms are all allocated to the direction corresponding to λ w,1 = 0.8. When SNR is larger than 14 dB, the optimal distribution of waveform energy will approach λ s,1 = 0.5, λ s,2 = 1 − λ s,1 = 0.5. This result means that in low SNR region, optimal waveform design method should be adopted for improving detection performance. In high SNR region, we can use orthogonal waveforms directly without significant performance degradation. As radar usually works in the low SNR region, it is necessary to consider optimum waveform designing method to improve detection performance.
Conclusion
In this paper, we proposed a general target model for MIMO radar. For two types of MIMO radar target, we developed a corresponding optimum waveform designing method which is based on maximizing the relative entropy between two hypotheses.
One important point of this paper is that waveforms of MIMO radar system should be matched to target. The performance comparison results of this paper have shown that optimal waveforms can achieve better detection performance than orthogonal waveforms, which is considered as a natural choice for MIMO radar traditionally.
In the future work, we will consider the MIMO radar waveform designing problem for detection in more general and complicated situations, such as the cases ofH s = 0, H w = 0, extended target model, colored noise and clutter background. Also, we will further study the relationship of performance between the methods based on traditional SNR metric and the relative entropy metric discussed in this paper.
